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Abstract 



A domino covering of a board is saturated if no domino is redun- 
dant. We introduce the concept of a fragment tiling and show that a 
minimal fragment tiling always corresponds to a maximal saturated 
domino covering. The size of a minimal fragment tiling is the domi- 
nation number of the board. We define a class of regular boards and 
show that for these boards the domination number gives the size of 
a minimal X-pentomino covering. Natural sequences that count max- 
imal saturated domino coverings of square and rectangular boards 
are obtained. These include the new sequences A193764, A193765, 
A193766, A193767, and A193768 of OEIS. 



We consider domino coverings of boards. A board is a finite set of cells from 
a square grid. In order to have a domino covering every cell of the board 
should be connected to another cell. From now on we only consider such 
boards. Our work is motivated by the following problem, which was given to 
us by Rados Radoicic: 

A 7 by 7 board is covered with 38 dominoes such that each covers 
exactly 2 squares of the board. Prove that it is possible to remove 
one domino so that the remaining 37 still cover the board. 



1 Introduction 



Call a domino covering of a board saturated if the removal of any domino 
leaves an uncovered cell. For a board B, let d{B) be the number of dominoes 
in its largest saturated covering. In particular, when B is an n x n board we 
write d{n) for d{B). The problem above asks us to prove that d{7) < 38. 

In Section [2] we consider two other sorts of covering. In an X-pentomino 
covering the tiles are allowed to overlap and poke out of the board. We also 
consider fragment tilings, in which each tile is a connected fragment formed 
from two or more cells of an X-pentomino. Here, tiles may not overlap or 
poke outside the board. We reserve the word tiling to mean a covering where 
the tiles do not overlap. 

In a fragment tiling, we can assign a center to each tile. These centers form 
a dominating set for the board. Dominating sets have been much studied 
ilElEllHllinilllliaiTlII]. A recent preprint [6] establishes an exact formula 
for the size of a minimal dominating set in a rectangular grid. We prove that 
minimal fragment tilings correspond to maximal saturated domino coverings 
for all boards and correspond to X-pentomino coverings for regular boards 
(which include the well studied grids). In particular this shows that d{n) = 

— 7(n) where 7(n) is the domination number of an n x n board. 

In Section [s] we determine d{n) for a few small boards. In Section |4] we 
briefly discuss large boards and in Section [5] we consider analogous results for 
boards on grids made of triangular and hexagonal cells. Finally, in Section 
|6]we discuss domination numbers. 

2 Domino Coverings and X-Pentomino Cov- 
erings 

For any saturated domino covering of any board, we construct a graph on 
the set D of cells by joining two if a domino links them. In this graph, 
any vertex whose degree exceeds 1 can be adjacent only to vertices with 
degree 1. (Otherwise a domino that joins two vertices with larger degree is 
redundant and can be removed from the supposedly saturated covering.) This 
condition means that connected components of our graph are stars. Since 
a square on the board has at most 4 neighbors, the only possible connected 
components correspond to collections of dominoes with the following shapes 
(see Figure [T]). We term a vertex of maximal degree in a star a center. Note 
that the smallest fragment has two centers. 
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Figure 1: Fragments 

The largest shape in the figure is the X-pentomino and the next is the 
T-tetromino. All these shapes are fragments of an X-pentomino. We have 
thus established 

Theorem 2.1. A saturated domino covering of a board gives a decomposition 

of the cells of the board into a set of non-overlapping fragments. 

Now consider a board with /3 cells that admits a saturated covering by 
S dominoes forming a set of (f) fragments. Observe that any fragment with 
/ cells consists of exactly / — 1 dominoes. Summing over the fragments, 
we deduce that S — /3 — cj). Thus, in order to make S as large as possible, 
we should make (f) as small as possible. In other words, a largest saturated 
domino covering is obtained from a minimal fragment tiling. For a board B, 
write \B\ for the number of cells and f{B) for the size of a minimal fragment 
tiling. We have 

Theorem 2.2. d{B) = \B\ - f{B). 

Although we insist on non-overlapping tiles in our fragment tilings, the 
following lemmas show that smaller coverings are not available even if we 
allow tiles to overlap. 

Lemma 2.3. Two overlapping fragments can be replaced by either a single 
fragment or two disjoint fragments that cover the same set of squares. 

Proof. If there exists a cell that is a center for both fragments, then their 
union is a fragment. Otherwise, suppose the two fragments have adjacent 
centers. Then no other cell can belong to both fragments, and we can remove 
the link between the two centers to give us two disjoint fragments. The final 
possibility is that the fragments have neither shared nor adjacent centers. In 
this case we just assign the shared cells to one or other center arbitrarily, 
ensuring that each fragment contains at least two cells. □ 
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Observe that if a fragment is adjacent to an isolated square, that isolated 



square can be replaced by a domino that overlaps the fragment. Lemma [273 
applies and we deduce 

Lemma 2.4. An isolated square and an adjacent fragment can be replaced 
by either a single fragment or two disjoint fragments that cover the same set 
of squares. 

We now turn our attention to X-pentomino coverings of a board. Note 
that for a fragment tiling, we insist that the fragments are disjoint and are 
completely contained in the board under consideration. For X-pentomino 
coverings we relax both of these requirements. 

Theorem 2.5. The smallest number of X-pentominoes that can cover a board 
B allowing overlaps and tiles that poke outside is not greater than f{B). 

Proof. Denote the smallest number of X-pentominoes that can cover the 
board by x{B). In a covering by fragments, each tile can be expanded to an 
X-pentomino, hence f{B) > x{B). □ 

For many boards, including rectangular boards, f{B) = x{B). Define a 
board to be regular unless it contains a pair of cells that have no common 
neighboring square on the board but do have one in the ambient grid. 

Theorem 2.6. If B is a regular board then x{B) = f{B). 

Proof. We show that a minimal X-pentomino covering can be transformed 
to a fragment tiling without increasing the number of tiles. We may first 
trim any parts of tiles that poke out of the board. It is possible that such a 
trimming might replace a tile by two isolated cells. In this case, regularity 
of the board guarantees that these cells have a common neighbor belonging 
to the board. We join the common neighbor to the two isolated cells to form 
a fragment which we use in their place. This ensures that trimming does 
not increase the number of tiles. After the trimming we have a cover by 
(possibly overlapping) fragments and isolated cells. Lemmas 2.3 and 2.4 are 



now applied to remove the overlaps and absorb the isolated cells. □ 

For an arbitrary board B the size x{B) of a minimal X-pentomino cover 
is not necessarily equal to the size f{B) of a minimal fragment tiling. In 
the following pair of examples (see Figure |2]) , in which the truncation of an 
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Figure 2: Examples of Irregular Boards 

X-pentimino that pokes out of the board leaves two isolated squares, we have 
x{B) < f{B). 

In both examples, the boards are gray. The two offending cells arc marked 
with dark disks. To see that 4 fragments cannot tile either board, observe that 
the number of cells is 17 in both cases. This implies that an X-pentomino 
must be used in the tiling. It is easy to check that no location for an X- 
pentomino allows the completion of a tiling with only 4 fragments. 

Although regularity of the board is sufficient to guarantee that f{B) = 
x{B), it is not necessary. For example, if a middle cell is removed from a 3 x 2 
rectangle, we are left with an irregular board for which f{B) = x{B) = 2. 

The earlier analysis applies to any board, we now specialize to square 
boards. Let f{n) be the minimal number of fragments that are required to 
cover an n X n board without overlap. Let x{n) be the minimum number 
of X-pentominoes that can cover an n x n square board (where overlap and 
poking out are allowed). An n x n board is regular so our earlier theorems 
give 

Corollary 2.7. d{n) = n"^ — f{n). 
Corollary 2.8. x{n) ^ f{n). 



3 Small Examples 

We now consider some small examples. First we prove that d{2) = 2. We 
must show that 3 dominoes on a 2 x 2 board include a redundancy. Let us 
rotate the board so that at least two of the dominoes are horizontal. If they 
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coincide, then we can remove one of them. If not, they completely cover the 
board and we can remove the third one. 

To show that d{3) = 6 it is simplest to prove that /(3) = 3. A fragment 
tiling with size 2 would have to use an X-pentomino (because 9 > 4x2). This 
would cut off all 4 corners preventing the placement of further fragments. In 
Figure |3| we exhibit a covering with 3 fragments. 

For n = 4, we have /(4) = 4. Again, we cannot use an X-pentomino in a 
fragment tiling because it would cut out a corner. As it is possible to cover 
the board with four T-tetrominoes, it must be the best covering. 

For n = 5, we show that /(5) = 7. There are five ways to place an X- 
pentomino so that a corner is not cut off. In all of these ways the X claims the 
center point. Hence, two X-pentominoes cannot be used in a covering. Any 
tiling with six pieces would need one X and five Ts. In addition, if we consider 
the checkerboard coloring, each T-tile has 1 square of one color and 3 of the 
other color. Hence, five T-tiles have an odd number of each color. Hence the 
X-pentomino cannot be right in the center, and must instead just cover the 
center cell with a branch. Two of the corner cells are now uncoverable. Thus, 
we cannot cover the board with 6 fragments. A covering with 7 fragments is 
demonstrated in Figure [3| 



For n = 6, it is impossible to tile with 9 fragments. Otherwise, the 
average number of cells in a fragment is 4. By parity, the fragments cannot 
all be T-pentominos. Thus the number of fragments that have fewer than 
4 cells cannot be larger than the number of X-pentominoes. But every X- 
pentomino needs two small fragments at the closest corner. Hence the tiling is 
impossible. Our example of a tiling in Figure |4] with 10 fragments establishes 



In our original problem of the 7 by 7 square, we claim that /(7) = 12. 
The square consists of an inner 5 by 5 square surrounded by a rim. We first 
prove that we cannot use six X-pentominoes in a tiling of the square. The 
center of any X-tile must be in the inner square and cannot be at a corner of 




Figure 3 



Small Examples 



that /(6) = 10. 
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this square (or a corner of the larger square would be cut off). However six 
X-pentominoes cover 30 squares, so five of them would have to poke out into 
the rim. Two of these five would have to be centered on the same side of the 
inner square, and the three available locations on that side do not provide 
enough room for the center of two X-tiles. 

So we can have at most five X-tiles. Therefore a tiling with 11 fragments 
would have to use five X-tiles and six T-tiles. However, only T-tiles can be 
used to cover the corners of the board, and it is easy to see that the 2x2 
region at each corner requires at least two T-tiles. Therefore eight T-tiles 
must be used and there is no tiling with 11 fragments. 

We have proved that it is impossible to cover the board with 11 tiles. A 
covering with 12 tiles is shown in Figure |4j 



r 



Figure 4: Tilings of 6 x 6 and 7x7 Boards 



We have shown that the sequence /(n) = x{n) starts as 2, 3, 4, 7, 10, 12, 
. . .. Correspondingly, d{n) = 2, 6, 12, 18, 26, 37, .... The latter sequence 
provides the new entry A193764 in OEIS. The sequence corresponding to the 
original puzzle is now the sequence A193765: 74193765(?7.) = 74193765(n) + 1. 
It is the size of the smallest set of dominoes for which any covering of an n 
by n board involves a redundant domino. 

Our sequence for f{n) matches sequence A104519 of T. Suzuki [11]. The 
matched sequence has been extended up to /(29) = 188 p. Suzuki's se- 
quence is defined to count the number of monominoes needed to exclude 
X-pentominoes from an n x n board. The sequence also counts the minimal 
number of X-polynominoes needed to cover an n x n board (i.e. x{n)). 
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4 Large Boards 



Let us look at large boards. Obviously /(n) > since the largest tile 

has size 5. One can easily obtain an upper bound for x{n), which in view 
of our Theorem 2.6 is also an upper bound for f{n). Consider an infinite 
tessellation of the square grid using X-pentominoes. If an n by square in 
the grid meets exactly k pentominoes, then we have x{n) < k. There are only 
five inequivalent ways to place an nx n square onto the tesselation. We obtain 
five upper bounds for /(n) of which the smallest gives f{n) < ^ 
where k{n) is 4, 4, 6, 5, 16 according as n mod 5 is 0, 1, 2, 3, 4. 

In general, the restriction of the tessellation to a finite square of tiles gives 
an inefficient choice of covering pentominoes on the rim of the square. For 
example, in the following restriction of the tessellation to a 5 by 5 square, 
the use of 2 pentominoes denoted H and / to cover 2 adjacent cells on the 
bottom row is wasteful (see Figure [s]). It would be better to place a single 
pentomino so as to cover these cells. In a similar way the pentominoes C 
and F that cover just one cell each in the right column can be replaced by a 
single pentomino that cover both of these cells and overlaps with pentomino 
B on other cells. This improves our tesselation derived upper bound for x{5) 
from 9 to 7. 
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Figure 5: An X-pentomino Covering of a 5 x 5 Board 

We have demonstrated that for rectangular boards that are large in both 
directions x{B) is of the order of |-B|/5. This is indeed true and the exact 
number is known as we explain in Section [6] 

5 Other Grids 



We can generalize our main theorems to other grids. Consider a grid made 
of triangles. Here the analogue of a domino is a tile made of two adjacent 



8 



triangles. Fragments now have one or two centers and 1, 2 or 3 spokes, see 
Figure |6| 



A 



A7 AA 

Figure 6: Fragments for a Triangular Grid 

Similarly, for a hexagonal grid a domino (analogue) is a shape made of 
two adjacent hexagons. The fragments can have up to three centers and up 
to 6 spokes, see Figure [7j Note that in the hexagonal case, there are three 
"multi-yolk" fragments with multiple centers. 

Saturated domino coverings in the rectangular grid are related to cover- 
ings by X-pentominoes. For triangular and hexagonal grids, the role of the 
X-pentomino is played by the maximal fragment. For a board B on a. trian- 
gular or hexagonal grid, we define d{B) as the size of a maximal saturated 
cover by domino analogues. The values of f{B) and x{B) are also defined 
by analogy with the case of the rectangular grid. Thus f{B) is the size of 
a minimal fragment tiling and x{B) is the minimal size of a covering with 
maximal fragments (allowing tiles to overlap or poke out). 

CO oco (So <S2) <^ 

Figure 7: Fragments for a Hexagonal Grid 

As before we assume that boards do not have any isolated cells. For both 
of these new types of grid, the analogue of Theorem |2.2 holds: 



Theorem 5.1. If B is a board in a triangular or hexagonal grid, then d{B) 
\B\-fiB). 



The proof of the following theorem is similar to the proof of Theorem 2^ 
for rectangular boards. 

Theorem 5.2. If B is a board in a triangular or hexagonal grid, then x{B) > 
f{B). 
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A board made of triangles is regular if for any two non-adjacent cells with 
a common neighbor in the ambient grid, that neighbor belongs to the board. 
Equivalently the board does not contain exterior angles of 60 degrees. 

In particular, if a maximal fragment meets a regular board, the inter- 
section cannot contain two different spokes without the center. Hence the 
intersection is either a fragment or a single cell. This is enough to prove the 



analogue of Theorem 2.6 



Theorem 5.3. If B is a regular board on a triangular grid, then x{B) = 
f\B). 

Figure |8] illustrates an example of an irregular board that can be covered 
by two maximal fragments one of which pokes out. However, it requires three 
fragments to be tiled. As in our examples for square grids, the board is gray 
and the offending cells are marked by disks. 




Figure 8: An Irregular Triangular Board 

Analogously, a hexagonal board is called regular if for any two hexagonal 
cells that have a common neighbor, at least one of the neighbors belongs to 



the board. For such boards the analogue of Theorem 2.6 holds: 



Theorem 5.4. If B is a regular hoard on a hexagonal grid, then x{B) = 
f{B). 

The left example in Figure |9] contains two marked hexagonal cells that 
have exactly one common neighbor which does not belong to the board. The 
board can be covered with one fragment that pokes out, but it needs two 
fragments to be tiled without any poking out. The right example has two 
marked hexagonal cells that have two neighbors, neither of which belongs to 
the board. The right board can be covered with three fragments if poking 
out is allowed and four otherwise. 



10 




Figure 9: Irregular Hexagonal Boards 



The natural lower bound for the size of a minimal fragment tiling of a 
triangular grid is the size of the board divided by 4. This bound is exact 
for triangular boards with even side length (since these can be tiled with 
maximal fragments). For a hexagonal grid the natural lower bound is the 
size divided by 7. 

Theorem 5.5. For a triangular board with side n in a triangular grid the 
size of a minimal cover by maximal fragments is x{n) = \n'^/4 \ . 

The sequence x{n) arises in many other contexts. It appears in OEIS as 
sequence A004652. However, our interpretation of the sequence is new. 

Proof. It is obvious that is a lower bound since the board has n"^ cells 

and each tile covers 4 cells. When n is even, the board is completely covered 
by tiles without overlap in the obvious way. This gives x{n) = n^/4. Hence, 
we need only exhibit appropriate coverings for boards with odd sizes. 




Figure 10: Triangular Board with Side 4m + 1 
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In the case where n = 4m + 1, we partition the board into three triangles 
with side 2m at the corners and a central piece that is almost a triangle with 



side 2m + 2. (See Figure 10). Indeed, if we attach 3 cells to the central 
piece it does become a triangle of size 2m + 2. The three corner pieces and 
the enlarged center are all triangles with even side. They can therefore be 
covered using a total of 3m^ + (m + 1)^ = 4m^ + 2m + 1 = [n^/4'| tiles. 




Figure 11: Triangular Board with Side 4m + 3 

Similarly, when n has the form 4m+3, we place triangular pieces with side 
2m + 2 at the three corners of the board. (These pieces overlap at 3 cells.) A 
triangular central piece with side 2m completes the board. (See Figure [lT|) . 
The 4 pieces can be covered with 3(m + 1)^ + m^ = 4m^ + 6m + 3 = [n^/4] 
tiles. □ 



6 The Domination Number 

We can take this one step further and consider any connected graph. An edge 
(and its end points) now play the role of a domino. The following analogue 
of Theorem 12.21 holds: 

Theorem 6.1. The largest number of dominoes in a saturated domino cover- 
ing of a connected graph is equal to the number of vertices minus the minimum 
number of star graphs that can cover the graph. 

The minimum number of star graphs that can cover a graph G is called 
the domination number and is denoted 7(G). This notion is well-studied, see 

Suppose we have a board B. The adjacency graph of B has vertices that 
correspond to cells of B. Two vertices are joined by an edge if they are 
adjacent on a board. We immediately obtain 
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Theorem 6.2. Let B be a board with adjacency graph Ad{B), then d{B) = 
\B\ -7(Arf(5)). 

The adjacency graph of a rectangular m x n board on a square grid is 
known as the grid graph Gm,n- 

Corollary 6.3. If B is a rectangular mxn board, then d{B) = \B\—'~f{Gm,n)- 

It was conjectured by Chang [2] and recently proved in [6] that for 16 < 
n < m, the domination number of an m x n grid is: 

(n + 2)(m + 2) 

l[Gn,m) = I ^ J - 4. (1) 

For other rectangular grids the dominating number is also known [1]. 
Combining known results [H], PP gives the full completion A104519 of the 
sequence x{n): 

1, 2, 3, 4, 7, 10, 12, 16, 20, 24, 29, 35, 40, 47, 53, 60, 68, 76, 84, . . . 

The term x{n) is given by 4[(n + 2)^/5j for any n > 6 and n ^ 13. 

We briefly discuss the sequences that count minimal fragment tilings of 
mxn rectangular boards for small values of m, or equivalently n. For 
simplicity, we will denote the board as m x n. 

Suppose m = 1. Then the best thing to do is to cover the board by 1 
by 3 rectangles and /(I x n) = x{l x n) = 7(Gi,„) = \n/3] (A008620). 
Correspondingly, d{l x n) = n — [n/3] (A004523). 

When one of the dimensions is between 2 and 4 inclusive, we show that 
f{m xn)= x{m x n) = 7(G^,„) > ^. 

Clearly a board of size 2 by n cannot contain an X-pentomino, so the 
best we can do is to use T-tiles, and at least ^ are required. The explicit 
formula is known: /(2 x n) = f{2 x n) = 7(G2,n) = [{n + 2)/2j (A008619). 
Correspondingly, c/(2 x n) = 2n - [{n + 2)/2j (A001651). 

Now, if a 3 X n board has a fragment tiling that includes an X-pentomino, 
then that X-pentomino requires two different fragments to the right of it. 
Moreover, they cannot both be T-tiles. Hence, we cannot do better then 4 
squares per tile on average. The explicit formula is: f{3 x n) = /(3 x n) = 
7(G'3„) = [(3ri-f4)/4j (A037915). Correspondingly, d{3 xn) = 3n - L(3n + 
4)/4j (which was added as A193766). 

A similar argument applies to the 4 x n case. Suppose there is an X- 
pentomino involved in a fragment tiling. Up to reflection, there is just one 
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way to place the X-pentomino. The cells adjacent to it cannot only belong 
to X-pentominoes and T-tiles. Hence, every X-pentomino requires at least 
one companion small fragment. If two X-pentominoes are joined they require 
two small fragments. Again we cannot exceed an average of 4 squares per 
tile. The explicit formula is: /(4 x n) = /(4 x n) = 7(G'4,n) = n + 1, if 
n = 1,2,3,5,6,9, and n otherwise (which was added as A193768). Corre- 
spondingly, d{4 X n) = An — 1 OT 4n (which was added as A193767). 

We can easily see that for narrow m x n rectangles where the second 
dimension is large, we can approach arbitrarily close to the bound mn/4 by 
truncating the tessellations made by repeating the following patterns (See 
Figure IT2| . 



Figure 12: Tessellations 
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